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D = 3 real quantum conformal algebra 

C Juszczakt 
Institute of Theoretical Physics, University of Wrcclaw, Fl. Maxa Borna 9. -50-204 Wmclaw, 
Poland 

Received 19 August 1993 

Abstract. Using the equivalence of o(3.2) with D = 3 wnfomal algebras we describe the 
D = 3 quantum conformal algebra by the q-deformed Cattan-Weyl basis of a real Hopf algebra 
Uq(0(3,2)) with 141 = 1. The universal R-matrix written in terms of D = 3 conformal 
generators is investigated. The Hopf subalgebras of Uq(o(3, 2)) and their quasihiangularity are 
discussed. The analogies with D = 4 quantum conformal algebra are pointed out. 

1. Introduction 

Recently the formalism of quantum groups [l-31 has been applied to the spacetime 
symmetries [4-141; in particular the most important case of D = 4 Poincar6 algebra was 
considered in [4-7,9,10,12-141. In this paper we would like to consider the quantum 
deformations of D = 3 spacetime symmetries. Let us recall that in D = 3 the following 
algebras describe spacetime symmetries: 

(a) D = 3 Lorentz algebra+@, 1) N su(1, I), 
(b) D = 3 PoincarL algebra, 
(c) D = 3 anti-de-Sitter algebra-(& 2) N o(2,l) €B o(2, I), 
(d) D = 3 deSitter algebra-o(3,1) N d(2 ,  C), 
(e) D = 3 conformal algebra-oQ, 2) N Sp(4, W). 

The first three algebras are described by Lie algebras of rank one. The quantum 
deformations of Lie algebras of rank one have been thoroughly studied. The quantum 
deformation of D = 3 Poincar.6 algebra has been obtained in [I51 by considering the 
infinite de-Sitter radius limit of the D = 3 anti-de-Sitter algebra described by the sum 
of two rank one algebras. The most interesting case i s  given by the q-deformed D = 3 
conformal algebra. It appears that in such a case one can use the results obtained for the 
quantum deformed real form of Bz Y C, Lie algebra, i.e. Uq(Sp(4, C)), see e.g. [4]. Using 
a properly chosen real, form one can deform the D = 3 conformal algebra in such a way 
that its Lorentz subalgebra is described by a real Hopf subalgabra. 

In this paper we rewrite the Cartan-Weyl basis of Uq(o(3,2)) in terms of D = 3 
quantum conformal algebra generators. Further we write down (in terms of these generators) 
the universal R-matrix and study its Hopf subalgabras. Finally we compare some results 
obtained for quantum D = 4 conformal algebra with our D = 3 case. It appears that 
contrary to the case D = 4 (see 17, SI) if D = 3 one can obtain the standard real Hopf 
algebra structure for quantum Weyl and quantum Lorentz subalgebras. 
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2. CartawWeyl basis of U,(Sp(4, C)) 

From the Dynkin diagram of Sp(4. C) 

a1 0-0 a2 

we can deduce its symmetrized Cartan matrix (aij = {ai, aj), i = 1,2) 

( -1 -1) 2 ' 

Then the algebra Sp(4, C) is known to be generated by elements (hi, ei, e-i)j=1.2 satisfying 
the following conditions: 

[ei, e - j ]  = Sijhi 

[hi, ehj]  = zkaijej 

[hi, hj]  = 0 (1) 
[chi, 1e+1. [eii, e+zll l= 0 
[ehz, [e*, e d l  = 0 

and is spanned by (hi, ei, e-i)i=i.z, e+3 = k l ,  e d ,  eh4 = k+l, 4. 

to be generated by (hi, ei, e-i)t=l,z satisfying modified relations 
The Drinfeld-Jimbo q-deformation of its enveloping algebra U,(Sp(4, C)) is defined 

Lei, e-jl =&j[hilq 

[hi, e+)] = fa i j e j  ~~ 

[hi,  hj]  = 0 (2) 
[e+l, [ e l ,  [eil. ~ ~ ~ l ~ ~ ~ I ~ * ~ l p  = 0 
[ e a ,  [e+z, e + ~ l , ~ ~ I ~ : l  = 0 

where 
(qx - q-x) sinhhx 
(q - q-1) sinhh 

[ X I q  := =~ - q = exph (3) 

[e,, e,], := e,e, - q-Um"ene,. (4) 

Here e,, e,, are just any elements of the mth and nth root spaces in U(Sp(4,  C)) and am" 
is the scalar product of the corresponding roots. However, in what follows we will use the 
q-bracket notation only in the meaning 

(5) 
A := U,(Sp(4, C)) may be given a Hopf algebra structure by defining the coproduct 

A : A -+ A @ A as an algebra homomorphism acting on the generators in the following 
way: 

[ A ,  B ] ,  = ABq-'P - q'lzBA. 

A(hi) =hi 63 1 + 1 63 hi 
(6) 

A&) = e*[ E3 qh'lz + q-"/' 63 e+i 

and the antipode S : A + A as the algebra antihomomorphism taking the following values 
on the generators: 

S(hi) = -hi 

S(e*i) = -q'ilze+i 

(i = 1.2). 

(7) 

where di = ai.i 
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The Cartan-Weyl basis of Uq(Sp(4. C) consists of generators (hi, e;, e-i)i=l.z and the 
elements Ei3,  E i 4  defined below 

E3 = [e l .  e& 
E4 = [e,, E31 

E-3 = [e-*, e&~ 
E-4 = [E-3, e-& (8 )  

3. Real Hopf algebras: uq(o(3, 2)) and quantum I) = 3 conformal algebra 

In order to obtain a Uq(0(3,2)) a real form of Uq(Sp(4,C)) must be chosen. In the 
case of U,@) algebras real forms are identified with pairs (U,@), *) where is a Hopf 
algebra involution of U,@) [16]. Various types of involutions of U,(Sp(4, C)) have been 
studied [17] and denoted with +, *, @, depending on whetha they are automorphisms or 
antiautomorphisms of algebra and coalgebra structures of U,@): 

(9) 
(10) * .  . (ab)" = a'b' (A@))* = S O  A(a*) 

. (ab)@ = b?a@ ( A ( u ) ) ~  = r o A(@) (11) m .  

@ : (ab)" = a"b" (A(a))@ = A(@) (12)' 

+ .  . (ab)' = btut (A(a))' = A(a+) 

where r(a @ b) = b 8 a .  
The list of all standard and non-standard real forms of U,(o(3 - k, k)) (k = 0, 1,2) is 

given in [17]. In this paper we shall consider only those standard real forms of U,(o(3. 2)) 
which contain U,(o(2, 1)) as their real Hopf subalgebra. The following eight real forms 
can be obtained [17]: 
(i) 141 = 1 ( A i  --f A*; A2 = 1, c2 = 1) 

k? = kj h f  = -hi 

(ii) q real ( A i  --f A,; A' = 1,c2 = 1) 

k7 = k; h+ = hj 
eZ1 = ez2 = ce,Z (14) 

E23 = -AEE.y3 E ,  + -  - € E T 4 .  - 
It turns out that in case (ii) the reality conditions relate th? elements Ei3, EH of the 
Cartan-Weyl basis to the antipode extended generators EM, E*4: 

Therefore, we will restrict ourselves to case (i), with involution + acting as an inner 

Then the 0(3,2) rotation generators ( M A B  = -MBA),  
morphism in the Cartan-Weyl basis. We will also choose the values A = E = -1. 

1 
MW = h3 M23 = -(el +e-1) Jz Miz = hi 
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satisfy the 'reality condition' 

MTB = -Man (17) 

and in the limit q + 1 satisfy the standard relations 

[MAB, MCD] = gBCMAD + gADMBc - gACMBD - gsDMAc (18) 

where A ,  E ,  C, D E IO, 1,2,3,4) and g = diag(- + - + +). Thus we may treat the pair 
(U9(Sp(4, e)),+) with generators satisfying (17) as a real Hopf algebra U9(0(3, 2)) [16]. 

Now we interpret the subalgebra generated by ( M n ,  M23, M,,) as the Lorentz subalgebra 
of D = 3 conformal algebra and define other conformal generators (i = 1,2,3): 

Ki = (Moi 4- Mdj)/ ' /Z Pi = (MOi - M 4 j ) / f i  D = MM (19) 

which in the limit q + 1 satisfy 

To obtain a greater clearness of subsequent formulas we define 

MO = M I Z  
KO = K3 
Po = P3 

M* = ( M u  5Z M ~ I ) / &  
K* =, (Kz F K N - h  
p+ = (PZ =F Pl)/vt i .  
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4. Universal R-matrix 

A Hopf algebra A is called quasitriangular Hopf algebra if there exists an element R in an 
appropriate completion of A €3 A which satisfies 

RA(x)  = A‘(x)R for all x E A (29) 
(A @ id)R = R13R12 (id €3 A)R = R I Z R I ~  (30) 

where A‘ = 5 o A is the opposite coproduct and 

(31) 
The universal R-matrix is known to exist for all Vq(g) Hopf algebras [ 18, 191. The formula 
for R has been given in [19] but for a different coproduct namely: 

R u  = 1 @ R Rn = R @ 1 R13 = (5  @id) o R23. 

A,(Ei) = Ei €3 1 + qh’ €3 Ei 
A,(&) = E-i @ 4’’ + 1 @ E-i (32) 
A,(hi) =hi @ 1 + 1 @hi. 
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However, it is easily checked that our coproduct A can be obtained from AT by means of 
the twisting F: 

A(X) = F A ~ ( x ) F - '  (33) 
where 

Our antipode is obtained form the one given in [19] by means of the same twisting (see, 
e.g., [ZO]) and due to its uniqueness [21] it should coincide with (28). 

Given a twisting F, the twisted R-matrix is obtained via the formula 

RF = F2iRF-l (35) 
where Fzl = r o F. In  our case F.1 = F and F commutes with R so RF = R and we may 
use the formula from [19] which in terms of conformal generators reads 

R = K R I R ~ R ~ R ~  (36) 
" " "  

where 
K = q W 3 M ~ q D @ D  

il = exp,.l((q - q-')M+ B M-) 

k3 = exp,-l((q - q-')KO 63 PO) 
i2 = exp,-z(-(q - q-')K- B P+) (37) 

= exp,-*(-(q - q-I)K+ c3 P-). 
R satisfies the following 'reality conditions' 

R = r o R  and R + = R - '  

5. The subalgebra structure of Uq(0(3, a))  

A linear subspace L of a Hopf algebra A is called 

(a) a subalgebra if V a . b e ~  ab G L, 
(b) a Hopf subalgebra if (a) and V a G ~  A(u) E L 63 L, 
(c) a quasihiangular Hopf subalgebra if (b) and it is a quasitriangular Hopf algebra. 

It can be stated that in general the group of algebra automorphisms of an U,@) is 
a subgroup of that of the corresponding U@). Smaller yet is the group of Hopf algebra 
automorphisms of U,@). This results in a smaller set of (Hopf)-subalgebras of U,(g) 
compared to U @ ) .  

In our funher consideration we restrict ourselves to those Hopf-subalgebras of 
U,(Sp(4, C)) which contain at least one element of the Cartan-Weyl basis (only such 
subalgebras are interesting from the physical point of view). We may ask for which 
subspaces V of the vector space CW spanned by the elements of the Cartan-Weyl basis 
there exists a Hopf subalgebra B of U,(Sp(4, e)) such that B n CW = V .  So our problem 
is to determine the set 

(39) P := [V : V = B n CW for some Hopf-algebraB c U,(Sp(4, C)}. 

The answer is easy to find given the set of relations listed in section 3. 
P consists of: 



D = 3 real quantum conformal algebra 391 

(i) any subspace V ofthe Cartan subalgebra of U9(Sp(4, C)), 
(ii) any subspace V spanned by a subset X of the Cartan-Weyl basis satisfying 

ei E X  + h i E X  
e-i E X 3 h i ~ E  X 

=+ E3, E4 E X 
(40) 

I e i , e z l c X  

E3 E X  or E4 E X  3 e l ,e2 ,h l ,hzEX 
E-3 E X  or E-4 E X  + e-1.e-z.ht,hz E X .  

.h, e-21 c X ~ =$ E-3, E-4 E X  

The subsets X of the Cartan-Weyl basis satisfying 2) are listed below: 

Iei,h~l.~e-i,hil,I~z,~zl, ~ e - z , ~ z l . l ~ ~ , e - ~ , h ~ l , ~ ~ ~ , e - z , ~ ~ l , ~ e ~ , h i , ~ ~ l ,  
le-l.hl,hzl, Ie2,h1,hzI, (e--2.h1, h l ,  Iei,e-l,hi,hzI, Ie2,e-z,hi.h21, 
~e l .h . e -z ,hz l ,  lez ,hz,e~-~,hl) ,  (e l7hl ,e2,h2,E3,  E4).(e-1,h1,e-z,hz,E-3.E-4), 
{el .e-l ,h~,ez,hz,  E3, E4l.{e1.e-i,hi,e-z,h~,E-3. E-41.[el,hi,ez,e-z,h~, E3,E41r 
[el, e-1, h ~ .  e2, e x .  hz, E-3, E-41. [el, e-1, hl ,  ez. e--2. h2, E3, EA E4, E-41. 

However, only 

Iel,e-i,h~l, Iez,e-z.hzh l e l , e - l , h ~ , h ~ l ,  h e - z . h i , h z L  
(el, e-1.h.  e, e-2, hz, E3, E-3. E4. E-41 

and all subspaces of the Cartan subalgebra generate quasitriangular Hopf algebras. 
All subalgebras generated by elements of the subspaces V belonging to P may be treated 

as real subalgebras of U9(o(3, 2)) because they are preserved by the +-involution (13). 
From the physical point of view the following algebras are of special interest. 

The Lorenrz algebra generated by (M-, M+, MO] = [el, e-1, hl] after deformation forms a 
quasihiangular Hopf algebra with the R-matrix 

R = q M o @ M o i l  . (41) 
where & i s  defined in (37). The direction of the defonnation is not time-like and MO is 
not the generator of shifts in time. 
The Poincard algebra generated by (M+, M-, MO, P+, E ,  PO] remains a subalgebra but 
not a Hopf subalgebra after deformation. The smallest Hopf subalgebra containing it is the 
Weyl algebra obtained by adding the dilatation generator D (necessary for the coproduct to 
close) to the set of generators. 
The Weyl algebra generated by 

W+, M-, MO, P+. P-, Po, Dl = [el, e-1, hi,  e-2. hz. E-3, E-41 

becomes a Hopf algebra after deformation but not a quasitriangular one. Its R-matrix is 
equal to that of Uq(o(3, 2)) and cannot be expressed in terms of the Weyl algebra generators. 

6. Final remarks 

We have the following chain of Hopf algebra inclusions: 

Uq(O(2.1)) c UJP3 @ D) c Uq(0(3, 2)) 
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as compared to 

Uq(O(3 ,1 ) )  C Uq(% @ D )  C Uq(d432)) (43) 
which is true in the D = 4 case. It should be stressed that there is an essential difference 
between the sequences (42) and (43): in case of D = 4 conformal algebra (sequence (43)) 
the real forms are necessarily non-standard [8, 221, of type (11). However, in both cases 
only the Lorentz subalgebra and the conformal algebra are quasitriangular. And in both 
cases in order to obtain the quantum algebra the dilatation sector must be added to the 
Poincark algebra. It should be stressed that the appearance of the dilatation operator is 
caused by the choice of the Drinfeld-Jimbo type of deformations. It has been claimed 
recently [23] that by choosing other types of deformations this unpleasant feature can be 
avoided. 
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