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D = 3 real quantum cenformal algebra
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Received 19 August 1993

Abstract. Using the equivalence of o(3,2) with D = 3 conformal algebras we desctibe the
D = 3 quantum conformal algebra by the g-deformed Cartan—Wey] basis of a real Hopf algebra
Uy{0(3,2)) with |g] = 1. The universal R-matrix written in terms of D = 3 conformal
generators is investigated. The Hopf subalgebras of U, (0(3, 2)) and their quasitriangularity are
discussed. The analogies with D) = 4 quantum conformal algebra are poinied out.

1. Introduction

Recently the formalism of quantum groups [1-3] has been applied to the spacetime
symmetries [4-14]; in particular the most important case of I} = 4 Poincaré algebra was
considered in {4-7,9,10, 12-14]. In this paper we would like to consider the quantum
deformations of D = 3 spacetime symmetries. Let us recall that in D = 3 the following
algebras describe spacetime symmetries:

(a) D =3 Lorentz algebra—o(2, 1) >~ su(1, 1),

(b) D =3 Poincaré algebra,

(c) D =3 anti-de-Sitter algebra—e(2,2) ~ 0(2, 1) @ 0(2, 1),
(d) D =3 de-Sitter algebra—o(3, 1) =~ 51(2, C),

{e) D =3 conformal algebra—o(3, 2) ~ $p(4, R).

The first three algebras are described by Lie algebras of rank one. The quantum
deformations of Lie algebras of rank one have been thoroughly studied. The quantum
deformation of D = 3 Poincaré algebra has been obtained in [15] by considering the
infinite de-Sitter radius limit of the D = 3 anti-de-Sitter algebra described by the sum
of two rank one algebras. The most interesting case is given by the g-deformed D = 3
conformal algebra. It appears that in such a case one can use the results obtained for the
quantum deformed real form of B; >~ C; Lie algebra, ie. U,(Sp(4, C)), see e.g. [4]. Using
a properly chosen real form one can deform the D = 3 conformal algebra in such a way
that its Lorentz subalgebra is described by a real Hopf subalgabra.

In this paper we rewrite the Cartan-Weyl basis of U,(0(3,2)} in terms of D = 3
quantum conformal algebra generators. Further we write down (in terms of these generators)
the universal R-matrix and study its Hopf subalgabras. Finally we compare some results
obtained for quantum D = 4 conformal algebra with our D == 3 case. It appears that
contrary to the case D = 4 (see [7, 8]) if D = 3 one can obtain the standard real Hopf
algebra structure for quantum Weyl and quantum Lorentz subalgebras.
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2. Cartan-Weyl basis of U,(Sp(4, C})

From the Dynkin diagram of Sp(4, C)
U o==e U
we can deduce its symmetrized Cartan matrix (or; = {e7, &), i = 1,2)

v ( 1 -—1)
-1 2 )
Then the algebra Sp(4, C) is known to be generated by elements (#%;, ;, e—; )i~ 2 satisfying
the following conditions:
lei, e—j] = 8ijhi
[h,', eﬁ_,-] = :l:o:;je_,-
(A, 7;1 =0 4}
lex1, [ex1. fex1, €42]]] = 0
lex2, [ex2, €]l =0
and is spanned by (f;, &1, €_1)i=1 2, €43 = [ex], €42], €x4 = [€41, €3],
The Drinfeld-Jimbo g-deformation of its enveloping algebra U,(Sp(4, C)) is defined
to be generated by (f;, €;, e~i)s=1 2 satisfying modified relations
[ei, e—;] = &i5[h;:],
{kg, e:&_f] = ia;jej B o
(i, 1=0 2
[exr, [ex1, [ex1, exn)pa1 lyn]ye =0
[esa, [ex2, exilmlpm =0
where
{(g* —¢g™*) sinhhx
(g—g™b = sinh#
[ems nly 1= Emen — g "™ epen. 4

Here ey, €, are just any elements of the mth and nth root spaces in U(Sp@, €)) and apy
is the scalar product of the comesponding roots. However, in what follows we will use the
g-bracket notation only in the meaning

[A, B}, = ABg~V? — 4'BA. (5)
A = U (Sp(4, C)) may be given a Hopf algebra structure by defining the coproduct

A:A-—> A® A as an algebra homomorphism acting on the generators in the following
way'

[x]g = g =exph )

A =h®l+184h
Alew) = e ® g + 9P @ ey,

and the antipode § : A — A as the algebra antthomomorphism taking the following values
on the generators: ’

S(hy) = —h;
S(ewi) = —g 4/ ey

whered; =o; (i =1,2).

(6)

9
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The Cartan—Weyl basis of U, (Sp{4, C) consists of generators (h;, ¢;, £_;);=1,2 and the
elements E,3, E.4 defined below

- E3 = [ey, &)y Es=leg,e 1] ®
Ey = [e1, Es] E_ 4 =[E3 el

3. Real Hopf algebras: Uz(o(3, 2)) and quantum I = 3 conformal algebra

In order to obtain a U,(0(3,2)) a real form of U,(Sp(4, C)) must be chosen. In the
case of U,(g) algebras real forms are identified with pairs (U,(g),*) where * is a Hopf
algebra involution of U,(g) [16). Various types of involutions of U7, (Sp(4, C)) have been
studied [17] and denoted with *,*,®, ® depending on whether they are automorphisms or
antiautomorphisms of algebra and coalgebra structures of U, (g):

o @byt =btat (B@)T =A@ ®
o (@bY*=a'ht  (Al@)" =ToAl@") (10)
& (@)®=b%" (AW@)P =10AWE® (1D
& . (@h)®=a%® (AE)® =AEGD) ‘ 12)

where 7{a @ b) = b @ a.

The list of all standard and non-standard real forms of U,(0(3 — &, k)) (k 0,1,2) 1s
given in [17]. In this paper we shall consider only those standard real forms of Ug(0(3. 2))
which contain Ug(o(2, 1)) as their real Hopf subalgebra. The following eight real forms
can be obtained [17]:

() Igl=1 (Ax—> Asg;A2=1€2=1)

E =K B =~k
ef, = rewr el, = eewn (13)
Ef,=—-)Ey;  El =eEy '

(i) g real (Az —> Az A?i=1,e2=1)
i =k Bf=h;
el =hen ef, =¢cexs 14
E}, = —reEs El, =¢ky.

It turns out that in case (ii) the reality conditions relate the elements Ei3, Exq of the
Cartan-Weyl basis to the antipode extended generators E.a, Eig
Esy =[es, 1), E_3=[e-y, e_2)p—
Eq = [Es, &] E_s=[e_;, E_3).
Therefore, we will restrict ourselves to case (i), with involution * acting as an inner

morphism in the Cartan-Weyl basis. We will also choose the values A = ¢ = —1.
Then the o(3, 2) rotation generators (Mqp = —Mpa),

(15}

My =h My = h3 My = —=(e1 +e-1)

Ly

f
1

My = %(Es + E_3) M3 = :/——(81 —e.1) .M34 = 5(53 —E_3) (16)

My = —%(ez+ez+ Es+ E_s) My = —}(e2~e_p— Es-+ Es)
My = —3(ez— e+ Es—E_y) My =—2(es+e—Es—E_y)
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satisfy the ‘reality condition’

Mlg = —~Mup an
and in the limit ¢ — 1 satisfy the standard relations

[Map, Mcpl = gacMap + §apMpc — 8acMep — gepMac (18)

where A, B, C, D & {0, 1, 2, 3,4} and g = diag(— -+ — + +). Thus we may treat the pair
(U, (Sp(4, C)),*) with generators satisfying (17) as a real Hopf algebra U,(o(3, 2)) [16].

Now we interpret the subalgebra generated by (M1, Ma3, M31) as the Lorentz subalgebra
of D =3 conformal algebra and define other conformal generators (i = 1, 2, 3):

Ki=(My+M)/N2  Pi=(Mu~Mg)/N2  D=My (19

which in the limit g — 1 satisfy

My, Kil = gk — gk
[D, Ki] = Kf [Pli PJ] == 0 %MJ' Pk:-I]_ g]kP- gikp_! (20)
[D,Pl=~P  [KiPj]=gyD BT B T A
To obtain a greater clearness of subsequent formulas we define
My = M My = (M & M2))/v2
Ko=K; K= (K2 F K1)/v2 @n

Py= P P = (P, P)/2.

In terms of the generators M, P, K, D the U,(o(3,2)) commutation relations take the
following form:

[Mo, Ms] =Mz | [My, M_]=[Mo],

[Ko, Kalger =0 K+, K-]= (g2~ g 2K (22)
[Py, Pelgr1 =0 [Py, P_]=(g'? — g~ VHPL.
Sector (M, P):
My, Py]=0 Mo, Pyl =+P, [M_,P.l;=F
My, Po)=—g~%*ip, (Mo, Py] =0, [M_, Pl = P_ (23)
[M., P-] = —q™Py [Mo, P.1==P_  [M_,P ] =0
Sector (M, K):
(Mg, Kilgm =0 [Mo, Ky 1=K, M., K] = KG‘IMO
My Kl =K.  [Mo, Kol =0 [M_, K] = K_g"o1 4)
M., K 1, =Ko (Mo, K_] = —K_ [M_,K_]=0.

Sector (X, P):

[Ky, Pr] = (g% — g~ VgD p2

Ky, Po]l =g P My (K4, P_]= —[My + D],

(Ko, Pyl = —qM~P-ipM, [Ko. Pol = D], (Ko, P_] = —M_g® 25)
[K_, P+] = [My— D]q (K_, Bl = M_qD_M‘H"f

(Ko, P.]= ---(qllf'2 - q"l/?-)M_Z_qD-MoH'
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Sector (D, all other generators):
[D, M;] =0
[D,P]l= —P | fori=(+,—,0). (26)
[D. X:] =K

The coproduct relations read:

(M) =My®@1+10® My

AMz) =Mz ® g™ + 742 @ My

AMDY=D®1+1®D

A(Py) = Py @ gP~M0)2 | gM=D2 g p, ‘

A(P) =Py ® g +q P2 @ Polig - q-')q-”"""WP ® M_qo+r2

APY=P.® q(Mn+D)/2 - q—(Mo+D)/2 ® P,
+g ~ g NG - g7 g HTip, @ qu‘” Mot L)f2 @7)
+q ™"/ Py @ M_g”]

A(KL) = Ky @ gMotDY2 4 o= MokD)2 g
+(g - q—l)[(qlfz _ q—1/2)q(—Mu—D—l)/2Mi ® K_q(D—Mu-vl)/z
~g~ PP M, ® Kog™?]

A(Ko) = Ko ® g7 + g2 @ Ko(g — g )g 0Dy, @ K_gWMom)i2

AKL) = K_ @ gP—M)2 4 (Mo=D)2 @

The values of the antipode are:
S(Mo) =My S(My) = —g*iMy  S(D)=-D
S(Po)=—g""Pr  S(P) =—g" VP Ry+(1-g P M_
S(Py=—g'Po+ (1 =g D) (g™* - ¢ P M2 — PM_] (28)
S(K4) = =g K+ (1 —g)i@"? - g7 IMLK - + My Ko}
S(Ko) = —q"* Ko+ (1 — g)M, K ]
S(K.) = —gK-. '

4, Universal R-matrix

A Hopf algebra A is called quasitriangular Hopf algebra if there exists an element R in an
appropriate completion of A ® A which satisfies

RA(x) = A'(x)R forallxe A (29)
(A®id)R = RuaR2 (id® A)R = RipRi3 (30)

where A’ =t 0 A is the opposite coproduct and '
' Ry=1®R Rp=R®1  Rp=(r®id)oRy. (31)

The universal R-matrix is known to exist for all U, (g) Hopf algebras [18, 19]. The formula
for R has been given in [19] but for a different coproduct namely:
Ar(E) =E;®1+¢" ® E;
AM(E-) =E,®¢"+18E_ (32)
Ar(h)=h;®1+1Q4;,.
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However, it is easily checked that our coproduct A can be obtained from Az by means of
the twisting F:

A(x) = FAr(x)F™ (33)

where
1
F =exp (h E E(d_l)inf ® H_,,) . (34)
ij

Our antipode is obtained form the one given in [19] by means of the same twisting (see,
e.g., [20]) and due to its uniqueness [21] it should coincide with (28).
Given a twisting F, the twisted R-matrix is obtained via the formula
Rp = FyRF™! , (35)

where Fy; =t o F. In our case Fy = F and F commutes with R s0 Rr = R and we may
use the formula from [19] which in terms of conformal generators reads

R=KRiRRs R (36)
where

K= qMoGJMqu@D

Ry =exp(g - M, @ M)

Ry=expa(—(g —g"HK-® Py) (37)

Ry = exp,-1((g —~ g ) Ko ® Po)

Ry =exp2(—(g —q )KL ® P).
R satisfies the following ‘reality conditions’

R=70oR and Rt =R (38)

5. The subalgebra structure of U7,(o(3, 2))

A linear subspace I of a Hopf algebra A is called

(a) a subalgebra if ¥, per. ab € L,
(b) a Hopf subalgebra if (2) and Vyez A@) e L ® L,
{c) a quasitriangular Hopf subalgebra if (b} and it is a quasitriangular Hopf algebra.

It can be stated that in general the group of algebra automorphisms of an U,(g) is
a subgroup of that of the corresponding U (g). Smaller yet is the group of Hopf algebra
automorphisms of U,(g). This results in a smaller set of (Hopf)-subalgebras of U,(g)
compared to U(g).

In our further comsideration we restrict ourselves to those Hopf-subalgebras of
U, (Sp(4,C)) which contain at least one element of the Cartan-Weyl basis (only such
subalgebras are interesting from the physical point of view). We may ask for which
subspaces ¥ of the vector space CW spanned by the elements of the Cartan—Weyl basis
there exists a Hopf subalgebra B of U, (Sp(4, C)) such that BNCW = V. So our problem
is to determine the set

P:={V:V=BNCW for some Hopf-algebraB C U,(Sp(4, C)}. (39)

The answer is easy to find given the set of relations listed in section 3.
P consists of:
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(i) any subspace V of the Cartan subalgebra of U, (Sp(4, C)),
(ii) any subspace V spanned by a subset X of the Cartan—Weyl basis satisfying

e e X = heX

e—; € X = hieX

{es,e} C X = Ey,E4e X

fe_t, el C X =  EgEseX (40
E;eX or EseX o= e, ek, €X

EseX or E4eX = e_ij,en b, hp e X,

The subsets X of the Cartan—Weyl basis satisfying 2) are listed below:

{e1, b {e—1, i}, {e2, o}, {e—2, h2), ler, e—i, Pt {e2, ez, B3}, {1, A, B2l

{e—1, k1, ha}, {ez, Iy ko), leea, By, B2}, {en, ey, B,y Rio), {ea, ez, B, Bod,

{e1, 1, e, ha}, {2, ho, e—1, 1}, {e1, B, €o, By, Ea, Es}, {e_1, b1, €2, by, E_3, E_4},
{e1. e<1, by, €0, Bin, Es, Egl, {1, €21, By, 82, Bo, E—3, E_a}, {€1, B, €2, €3, Bz, B3, Eg},
{er.e-1, h1,e2,e20,hy, E_3, E_4}), {e1,e_1, 1, €2, €2, k2, E3, E_3, B4, E_4}.

However, only

{81, €_j, hl}, {e.'?.s €uy hZ}a {el 1 €=1, hl 3 h2}1 {62! €.y hlv hz}:
{el’ €1,y hlv €3, €.3, st E3v E-—-?n E4; E—4}
and all subspaces of the Cartan subalgebra generate quasitriangular Hopf algebras.
All subalgebras generated by elements of the subspaces V' belonging to P may be treated

as real subalgebras of U, (0(3, 2)) because they are preserved by the *-involution (13).
From the physical point of view the following algebras are of special interest.

The Lorentz algebra generated by {(M_, M., My} = {e1, e_1, h} after deformation forms a
quasitriangular Hopf algebra with the R-matrix

R =gh®MR, ' (41)
where &, is defined in (37). The direction of the deformation is not time-like and Mp is
not the generator of shifts in time.

The Poincaré algebra generated by {M,, M_, My, P., P_, Py} remains a subalgebra but
not a Hopf subalgebra after deformation. The smallest Hopf subalgebra containing it is the
Weyl algebia obtained by adding the dilatation generator D (necessary for the coproduct to
close) to the set of generators.

The Weyl algebra generated by
(M, M_, My, P, PPy, D)= ler,e_1,h1,e_0, 2, E_3, E_4}

becomes a Hopf algebra after deformation but not a quasitriangular one. Its R-matrix is
equal to that of U, (o(3, 2)) and cannot be expressed in terms of the Weyl algebra generators.

6. Final remarks

‘We have the following chain of Hopf algebra inclusions:

U, (02, 1)) C U,(Ps & D) C U, (0(3,2)) | “2)
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as compared to
Ug(o(3, 1)) C Uy(Pa® D) C Uy(o(4,2)) (43)

which is true in the D = 4 case. It should be stressed that there is an essential difference
between the sequences (42} and (43): in case of D = 4 conformal algebra (sequence (43))
the real forms are necessarily non-standard [8, 22], of type (11}. However, in both cases
only the Lorentz subalgebra and the conformal algebra are quasitriangular. And in both
cases in order to obtain the quanturn algebra the dilatation sector must be added to the
Poincaré algebra. It should be stressed that the appearance of the dilatation operator is
caused by the choice of the Drinfeld—Jimbo type of deformations. Tt has been claimed
recently [23] that by choosing other types of deformations this unpleasant featare can be
avoided.
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